Abstract. Let G be a reductive group and X H be a Luna stratum on the quotient space V //G of a rational G-module V . We consider torsors over X H with both non-commutative and commutative structure groups. It allows us to describe the divisor class group and the Cox ring of a Luna stratum under mild assumptions. This approach gives a simple cause why many Luna strata are singular along their boundary.
Introduction
Consider a reductive group G and a rational finite-dimensional G-module V over an algebraically closed field K of characteristic zero. The inclusion of the algebra of invariants
G in the polynomial algebra K[V ] gives rise to the quotient morphism π :
G . In [8] , D. Luna introduced a stratification of the quotient space X := V //G by smooth locally closed subvarieties. Every stratum is defined by the conjugacy class of the isotropy group H of a closed G-orbit in the fibre of π. With any such subgroup H one associates the group W = N G (H)/H. Then the stratum X H comes with a W -torsor π : V H → X H , where V H is an open subset in the subspace V H of H-fixed vectors. The aim of this work is to use this observation to describe the Cox rings of Luna strata and to apply them to the study of geometric properties of the strata and their closures. It is well known that a smooth variety Y with a finitely generated divisor class group Cl(Y ) admits a canonical presentation as a geometric quotient of a quasiaffine variety by an action of a quasitorus Q. This presentation also is known as a universal torsor over Y . The quasiaffine variety mentioned above is the relative spectrum of the so-called Cox sheaf on Y and Q is a direct product of a torus and a finite abelian group such that the group of characters X(Q) is identified with Cl(Y ).
The W -torsor over a stratum X H is not a good candidate for a universal torsor, because the group W in general is not commutative. A naive idea is to consider the commutant S = [W, W ], the factor group Q = W/S, and to decompose the W -torsor into two steps, namely
Note that the groups H, W , S, and Q are reductive. In Theorem 2 we show that this indeed gives a universal Q-torsor V H /S → X H under some "codimension two" assumption on the stratum. In particular, the divisor class group of X H is isomorphic to X(Q).
It turns out that in many cases a Luna stratum is singular along its boundary, i.e. the stratum coincides with the smooth locus of its closure in X, see [15, Theorem 8.1] , [7, Theorem 7] and [6, Theorem 1.2] . In [6] , J. Kuttler and Z. Reichstein use this property to prove that quite often the Luna stratification is intrinsic. The latter means that every automorphism of X as of an abstract affine variety preserves the stratification possibly permuting the strata. In our terms the reason for X H to be singular along its boundary may be formulated as follows. Since the canonical quotient presentation of the normalization Norm(X H ) of the closure of the stratum is given in Theorem 2 by the quotient morphism p : V H //S → V H //W with the acting group Q, it is natural to expect that V H /S is the preimage of the principal Luna stratum in V H //W for the Q-variety V H //S. Thus the fibre of p over a point x ∈ V H //W is a free Q-orbit if and only if x is in X H , and this looks like a characterization of smooth points on V H //W . We realize this approach in Theorem 3 under the assumption that the group W is commutative.
The text is organized as follows. In Sections 1 and 2 we recall basic facts on the Luna stratification and on Cox rings respectively. The class of admissible Luna strata which we are going to deal with in the theorems is defined and discussed in Section 3. In particular, we prove in Proposition 1 that if H is the isotropy group of a point with a closed G-orbit in a module V , then the Luna stratum corresponding to H and to the G-module V ⊕k with k ≥ 2 is admissible. The idea to obtain strata with good properties by replacing a module V by V ⊕k is taken from [6] . In Section 4 we formulate the main result (Theorem 2) and obtain some corollaries. The proof of Theorem 2 is given in Section 5. Finally, Section 6 is devoted to examples.
The Luna stratification
In this section we recall basic facts on the Luna stratification obtained in [8] , see also [14, Section 6] and [16] . Let G be a reductive affine algebraic group over an algebraically closed field K of characteristic zero and V be a rational finite-dimensional G-module. Denote by K[V ] the algebra of polynomial functions on V and by K [V ] G the subalgebra of G-invariants. Let V //G be the spectrum of the algebra
gives rise to a morphism π : V → V //G called the quotient morphism for the G-module V . It is well known that the morphism π is a categorical quotient for the action of the group G on V in the category of algebraic varieties, see [14, 4.6] . In particular, π is surjective.
The affine variety X := V //G is irreducible and normal. It is smooth if and only if the point π(0) is smooth on X. In the latter case X is an affine space. Every fibre of the morphism π contains a unique closed G-orbit. For any closed G-invariant subset A ⊆ V its image π(A) is closed in X. These and other properties of the quotient morphism may be found in [14, 4.6] . By Matsushima's criterion, if an orbit G · v is closed in V , then the isotropy group Stab(v) is reductive, see [11] , [12] , or [14, 4.7] . Moreover, there exists a finite collection {H 1 , . . . , H r } of reductive subgroups in G such that if an orbit G · v is closed in V , then Stab(v) is conjugate to one of these subgroups. This implies that every fibre of the morphism π contains a point whose isotropy group coincides with some H i .
For every isotropy group H of a closed G-orbit in V the subset
is G-invariant and locally closed in V . The image X H := π(V H ) turns out to be a smooth locally closed subset of X. In particular, X H is a smooth quasiaffine variety.
By stratification of a variety X we mean a decomposition of X into disjoint union of smooth locally closed subsets.
is called the Luna stratification of the quotient space X.
There is a unique open dense stratum called the principal stratum of X. A stratum X H i is contained in the closure of a stratum X H j if and only if the subgroup H i contains a subgroup conjugate to H j . This induces a partial ordering of the set of strata compatible with the (reverse) ordering on the set of conjugacy classes.
Consider the subsets H is H, and we get an effective action of the (reductive) group W := N G (H)/H on V H . By [9] , for any point v ∈ V H the orbit G · v is closed in V if and only if the orbit W · v is closed in V H . In particular, V H is the union of closed free W -orbits in V H . The following definition first appeared in [13] plays an important role in Invariant Theory. Definition 2. An action of a reductive group F on an affine variety Z is stable if there exists an open dense subset U ⊆ Z such that the orbit F · z is closed in Z for any z ∈ U.
Equivalently, an F -action on Z is stable if the general fibre of the quotient morphism
This action enjoys an additional nice property, namely, the isotropy group of the general point in V H is trivial. Summarizing, we observe that the restriction of the quotient morphism π to V H defines a W -torsor π :
W is the normalization morphism. For the principal stratum, the restriction Res H is injective, the closure X H = X is normal, and we
Several results on normality of the closures of Luna strata and on strata of codimension one may be found in [16] and [17] .
Cox rings and characteristic spaces
Let X be a normal algebraic variety with finitely generated divisor class group Cl(X). Assume that any regular invertible function f ∈ K[X]
× is constant. Roughly speaking, the Cox ring of X may be defined as
In order to obtain a multiplicative structure on R(X) some technical work is needed, especially when the group Cl(X) has torsion. We refer for details to [1, Section 4] and [5] . In a similar way one defines the Cox sheaf R, which is a sheaf of Cl(X)-graded algebras on X. The Cox ring R(X) is the ring of global sections of the sheaf R. Assume that this sheaf is locally of finite type. Then the relative spectrum X := Spec X (R) is a quasiaffine variety.
By definition, a quasitorus 1 is a commutative reductive algebraic group. It is not difficult to check that any quasitorus is a direct product of a torus and a finite abelian group. Since R is a sheaf of Cl(X)-graded algebras, the variety X comes with an action of a quasitorus Q X whose group of characters X(Q X ) is identified with Cl(X). Now we need a notion from Geometric Invariant Theory. Let G be a reductive group and Z be a normal G-variety. An invariant morphism π : Z → X is a good quotient, if π is affine and the pullback map π
An example of a good quotient is the quotient morphism π : V → V //G discussed in Section 1. Moreover, for any open subset U ⊆ V //G the restriction π : π −1 (U) → U is a good quotient as well. It turns out that the Q X -action on X admits a good quotient p X : X → X. This morphism is called the characteristic space over X. If the variety X is smooth, then the Q X -action on X is free, and the map p X : X → X is a Q X -torsor. Moreover, this is a universal torsor over X in the sense of [18] .
The following definition appeared in [1, Definition 6.4.1], see also [5, Definition 1.37].
Definition 3. An action of a reductive group F on an affine variety Z is said to be strongly stable if there exists an open dense invariant subset U ⊆ Z such that 1. the complement Z \ U is of codimension at least two in Z; 2. the group F acts freely on U; 3. for every z ∈ U the orbit F · z is closed in Z.
One may check that the Q X -action on X defined above is strongly stable with U being the preimage p Theorem 1. Let a quasitorus Q act on a normal quasiaffine variety X with a good quotient p : X → X. Assume that K[X ] × = K × holds, X is Q-factorial and the Q-action is strongly stable. Then there is a commutative diagram
where the quotient space X is a normal variety with K[X] × = K × , we have Cl(X) = X(Q), the morphism p X : X → X is a characteristic space over X, and the isomorphism µ : X → X is equivariant with respect to actions of Q = Q X .
Admissible Luna strata
Let us fix settings and notation for the remaining part of the text. Let G be a reductive group, V be a rational finite-dimensional G-module, π :
G be the quotient morphism with the quotient space X := V //G, and H be an isotropy group of a closed G-orbit in V . Define the group W = N G (H)/H, its commutant S := [W, W ] and the factor group Q := W/S. Recall that the groups W and S are reductive. Moreover, S is semisimple provided W is connected. Being reductive and commutative, the group Q is a quasitorus.
We adapt Definition 3 to the situation we are dealing with.
Definition 5.
A triple (G, V, H) is admissible, if the action of the group W on V H is strongly stable. An admissible stratum is the Luna stratum X H corresponding to an admissible triple (G, V, H).
Remark 1. A triple (G, V, H) is admissible if and only if the complement of V
H in V H has codimension at least two. Indeed, we know from Section 1 that the action of W on V H is free, all W -orbits on V H are closed in V H and the subset V H is characterized by these properties. In other words, the subset V H is the preimage of the principal Luna stratum in the W -module V H . This shows that in order to check admissibility it suffices to work with principal strata.
Since X H = π(V H ), the complement of an admissible stratum in its closure has codimension at least two. In this case the algebra of regular functions K[X H ] coincides with K[Norm(X H )], and the latter algebra is isomorphic to
holds for any admissible stratum. Following [6] we say that a Luna stratum X H is singular along its boundary if the singular locus of the closure X H is precisely the complement X H \ X H . This property is known for the principal stratum on the quotient variety of the space of representations of a quiver except for some low dimensional anomalies [7, Theorem 7] . Moreover, there are many modules where every Luna stratum is singular along its boundary, see [6, Theorem 1.2] . In particular, this is the case for the module V ⊕r , where V is any rational G-module and r ≥ 2 dim(V ), or where V is the adjoint module and r ≥ 3. If the closure of a Luna stratum is normal, then "singular along its boundary" implies that the boundary has codimension at least two. This implication always holds for the principal stratum. If we know additionally that the morphism π : V → X does not contract invariant divisors
2
, then the principal stratum singular along its boundary is admissible.
The following proposition provides us with a wide class of admissible strata. Proposition 1. Let V be a rational G-module and H be an isotropy group of a closed G-orbit in V . For any positive integer k consider the module V ⊕k = V ⊕ · · · ⊕ V (k times) with the diagonal G-action. Then the subgroup H is an isotropy group of a closed G-orbit in V ⊕k and for k ≥ 2 the triple (G, V ⊕k , H) is admissible.
Proof. Since H is an isotropy group of a closed G-orbit in V , there is a point v ∈ V such that the orbit G · v is closed and the isotropy group Stab(v) coincides with H. The G-orbit of the point (v, . . . , v) ∈ V ⊕k is contained in the diagonal ∆V ⊆ V ⊕k . Since ∆V ∼ = V , this orbit is closed in ∆V and thus in V ⊕k . This proves that H is an isotropy group of a closed G-orbit
. If this orbit is not closed, its closure contains a W -orbit of smaller dimension. On the other hand,
has the trivial isotropy group. We conclude that the complement of (V ⊕k ) H in (V ⊕k ) H is contained in the set of points (v 1 , . . . , v k ), where every v i is not in V H . Clearly, the latter set has codimension at least two in (V H ) ⊕k .
Finally let us consider the case when the group G is finite. By Remark 1 it suffices to know when the principal stratum is admissible. Recall that a linear operator is called pseudoreflection if it has a finite order and its subspace of fixed vectors is a hyperplane. Proposition 2. Let G be a finite group and V be a G-module. Then the principal Luna stratum in X is admissible if and only if the image of G in GL(V ) does not contain pseudoreflections.
Proof. Any G-orbit in V is closed, so the principal stratum is admissible if and only if the set of points in V with non-trivial isotropy groups has codimension at least two. This means that for every g ∈ G, g = e, its subspace of fixed vectors has codimension at least two, or, equivalently, g is not a pseudoreflection.
The Cox ring of an admissible stratum
We preserve the settings of the previous section. The quasitorus Q acts on the quotient space V H //S and this action defines an X(Q)-grading on the algebra
Theorem 2. Let G be a reductive group, V be a rational finite-dimensional G-module, and H be an isotropy group of a closed G-orbit in V . Assume that the stratum X H is admissible. Then the Q-quotient morphism
is a characteristic space over the normalization Norm(X H ). Moreover, if q : V H → V H //S is the S-quotient morphism and Y := q(V H ), then the restriction of p to Y defines a Q-torsor
which is a universal torsor over X H . In particular, the divisor class group Cl(X H ) may be identified with X(Q), and the Cox ring
Corollary 1. The Cox ring of an admissible Luna stratum is finitely generated.
Proof. Since the group S is reductive, the algebra of invariants
S is finitely generated.
Finally let us specialize Theorem 2 to the case when the group G is a torus T . Any rational T -module V admits the weight decomposition
The multiplicity of a weight λ in V is defined as dim V (λ).
Proposition 3. Let V be a rational T -module such that every weight in V has multiplicity at least two. Then every Luna stratum X H is admissible, the divisor class group of X H is a subgroup of the lattice X(T ) and the Cox ring R(X H ) is polynomial. Lemma 1. Let F be a reductive group, S = [F, F ] be its commutant and Q be the factor group F/S. If an action of the group F on an irreducible affine variety Z is strongly stable, then the induced action of Q on Z//S is strongly stable as well.
with the group G and Q is its maximal commutative factor. The principal stratum is not admissible, but starting from k = 2 the stratum for V ⊕k associated with H = T is admissible. Its divisor class group does not depend on k and is isomorphic to X(Q) ∼ = Q. In order to describe the Cox ring one should calculate the algebra of invariants of the diagonal action of the group S = [W, W ] on the direct sum of Cartan subalgebras. It is important to note that by [15, Theorem 8 .1] the principal stratum for V ⊕k is singular along its boundary for any k ≥ 2 provided G has no simple factors of rank 1.
Example 3. Take G = SL(n) and V = K n ⊕ (K n ) * , where K n is the tautological SL(n)-module and (K n ) * is its dual. The principal stratum for V corresponds to H ∼ = SL(n−1), and W = Q is a one-dimensional torus. Since V //G ∼ = A 1 , the principal stratum is not admissible. But starting from k = 2 the subgroup H defines an admissible statum for V ⊕k whose divisor class group is isomorphic to Z. By Theorem 3, this stratum is singular along its boundary.
Let us show that the Cox ring of an admissible Luna stratum is not always factorial, cf. Corollary 2. The example below is taken from [2, Section 3] , where the Cox ring of the quotient space of an arbitrary finite linear group is described. S is the ring of functions on the two-dimensional quadratic cone. This ring is not factorial.
Note that Example 2 also leads to non-factorial Cox rings. Say, this is already the case for G = SL(3) and k = 2. But the description of the Cox ring here is more complicated.
